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In previous work, we studied primeness in near-rings and sandwich near-rings of contin-
uous functions. In this paper we ﬁnd conditions in certain cases for such near-rings to be
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1. Preliminaries
In this paper, all near-rings will be right distributive and zero-symmetric. The notation “A  N” means “A is an ideal
of N”. There are a number of deﬁnitions of primeness for near-rings in the literature. The classical deﬁnition is given in
Pilz [10]: A near-ring N is called prime (resp. semiprime) if A, B  N (resp. A  N), AB = 0 implies A = 0 or B = 0 (resp.
A2 = 0 implies A = 0). N is called 3-prime (resp. 3-semiprime) if a,b ∈ N , aNb = 0 (resp. a ∈ N , aNa = 0) implies a = 0
or b = 0 (resp. a = 0). N is equiprime (cf. Booth, Groenewald and Veldsman [2]) if a, x, y ∈ N , anx = any for all n ∈ N
implies a = 0 or x = y. All these deﬁnitions of primeness generalise the usual notion of primeness for associative rings.
Equiprimeness is of particular interest from the radical-theoretic perspective in that it leads to a Kurosh–Amitsur prime
radical for both zero-symmetric and arbitrary near-rings. It is clear that equiprime ⇒ 3-prime ⇒ prime ⇒ semiprime
and 3-prime ⇒ 3-semiprime for near-rings. The radical maps associated with the classes of prime, 3-prime and equiprime
near-rings will be denoted P , P3 and Pe , respectively.
Let G be an additive topological group. The set of zero-preserving continuous self-maps of G is a zero-symmetric near-
ring with respect to addition and composition of functions, and is denoted N0(G). Near-rings of continuous functions have
been extensively studied. See for example Magill [7,8]. In particular, primeness was studied for this class of near-rings by
Booth and Hall [3]. Composition of functions will be denoted by juxtaposition, e.g. ab rather than a ◦ b. Let X and G be
a topological space and a topological group, respectively, and let θ : G → X be a continuous mapping. We denote the set
{n: n : X → G is continuous and nθ(0) = 0} by N0(G, X, θ). Then N0(G, X, θ) is a zero-symmetric near-ring with respect
to pointwise addition and multiplication deﬁned by a · b := aθb for all a,b ∈ N0(G, X, θ). Such near-rings are known as
sandwich near-rings. In the sequel, θ(0) will be denoted by x0. If the topology on a topological group G is discrete, N0(G) is
the set of all zero-preserving self-maps of G , and is denoted M0(G). Similarly, if X is discrete, then N0(G, X, θ) is the set
of all mappings a : X → G such that aθ(0) = 0, and is denoted M0(G, X, θ). For all notions relevant to topological groups,
we refer to any of the standard texts, e.g. Higgins [4]. In the sequel, all topological spaces and groups considered will be
Hausdorff (which means that all topological groups will be completely regular). In order to avoid trivial cases, they will
also be assumed to contain more than one element. When the sandwich near-ring N0(G, X, θ) is discussed, θ will not be
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G.L. Booth / Topology and its Applications 159 (2012) 2274–2279 2275constant. Primeness was studied for M0(G, X, θ) by Veldsman [11], and some of his results were generalised to N0(G, X, θ)
by Booth [1]. For basic topological notions we refer to any of the standard texts, for example Kelley [6].
2. Primitivity
We recall that an N-group (also referred to as an N-module in the literature) G is said to be of type 2 if NG = {0} and
G has no N-subgroups except {0} and G . It is easily veriﬁed that G is of type 2 if and only if Ng = G or {0} for all g ∈ G .
G is of type 3 (cf. Holcombe [5]) if G is of type 2 and if g1, g2 ∈ G , ng1 = ng2 for all n ∈ N implies g1 = g2. It is easily seen
that, if N has a unity, then every N-group of type 2 is also of type 3. G is a faithful N-group if (0 : G) := {n ∈ N: ng = 0
for all g ∈ G} = {0}. N is ν-primitive (ν ∈ {2,3}) if there exists a faithful N-group of type ν . In this case, N is said to be
ν-primitive on G . We remark that, for any N-group G , (0 : G) N .
If G is a topological group, it is clear that G is an N0(G)-group with multiplication deﬁned by n · g := n(g) for all
n ∈ N0(G). Similarly, if N0(G, X, θ) is a sandwich near-ring, then G is an N0(G, X, θ)-group with multiplication deﬁned by
n · g := nθ(g) for all n ∈ N0(G, X, θ) and g ∈ G .
Theorem 2.1. Suppose that G is arcwise connected or 0-dimensional. Then N0(G) is 3-primitive on G.
Proof. Since G is a faithful N0(G)-module, and N0(G) has a unity (and hence any type 2 N0(G)-module is of type 3), it
suﬃces to show that N0(G)g = G for all 0 = g ∈ G . Suppose that G is arcwise connected. Let h ∈ G . Since G is completely
regular, there exits a continuous mapping α : G → [0,1] such that α(0) = 0 and α(g) = 1. Since G is arcwise connected,
there exists a continuous mapping β : [0,1] → G such that β(0) = 0 and β(1) = h. Let n := βα. Then ng = n(g) = βα(g) =
β(1) = h. Hence N0(G)g = G for all 0 = g ∈ G , as required.
Now let G be 0-dimensional, and let g,h ∈ G , g = 0. Since G is 0-dimensional there exists a clopen (i.e., both open and
closed) subset F of G such that 0 ∈ F and g /∈ F . Deﬁne n : G → G by
n(x) :=
{
0 if x ∈ F ,
h if x ∈ G\F .
Since both F and G\F are clopen, n is continuous on G . Moreover, ng = n(g) = h, so N0(G)g = G for all 0 = g ∈ G in this
case. This completes the proof. 
Lemma 2.2. Let N0(G, X, θ) be a sandwich near-ring such that cl(θ(G)) = X, where cl is the closure operator. Then G is a faithful
N0(G, X, θ)-group.
Proof. Let n ∈ N0(G, X, θ) be such that n · G = {0}. Then nθ(g) = 0 for all g ∈ G , whence n(x) = 0 for all x ∈ θ(G). Since
cl(θ(G)) = X , the continuity of n implies n(x) = 0 for all x ∈ X , i.e., n = 0 so (0 : G) = 0, i.e., G is a faithful N0(G, X, θ)-
group. 
Proposition 2.3. Let N0(G, X, θ) be a sandwich near-ring, where X is completely regular, G is arcwise connected and θ−1θ(0) = {0}.
Then N0(G, X, θ) is 2-primitive if and only if cl(θ(G)) = X.
Proof. Suppose that cl(θ(G)) = X . Then G is a faithful N0(G, X, θ)-group by Lemma 2.2. Let 0 = g ∈ G , and let θ(g) = x1. Let
h be an arbitrary element of G . Since X is completely regular, there exists a continuous mapping α : X → [0,1] such that
α(x0) = 0 and α(x1) = 1. Since G is arcwise connected, there exists a continuous mapping β : [0,1] → G such that β(0) = 0
and β(1) = h. Let n := βα. Then n ∈ N0(G, X, θ) and n · g = βαθ(g) = βα(x1) = β(1) = h. Hence N0(G, X, θ) · g = G for all
0 = g ∈ G , whence G is a faithful N0(G, X, θ)-module of type 2, and so N0(G, X, θ) is 2-primitive on G .
Conversely, suppose that cl(θ(G)) = X and that N0(G, X, θ) is 2-primitive on some N0(G, X, θ)-group H . Let x1 ∈
X\ cl(θ(G)). Since X is completely regular, there exists a continuous mapping α : X → [0,1] such that α(cl(θ(G))) = 0
and α(x1) = 1. Since H is an N0(G, X, θ)-group of type 2, N0(G, X, θ) · h = G for some h ∈ H . Let 0 = g ∈ G . Since G is arc-
wise connected, there exists a continuous mapping β : [0,1] → G such that β(0) = 0 and β(1) = g . Let a := βα. It is easily
veriﬁed that a ∈ N0(G, X, θ), and a(x1) = g , so a = 0. If n ∈ N0(G, X, θ), then a · (n · h) = (a · n) · h = (βαθn) · h. But for any
g′ ∈ G , βαθn(g′) = β(0) (since θ(g′) ∈ cl(θ(G)) and α(cl(θ(G)) = 0) = 0 and so βαθn = 0). Hence a · (n ·h) = 0 ·h = 0 = 0 for
all n ∈ N0(G, X, θ), and so a ·H = 0. Hence a ∈ (0 : H), contradicting the faithfulness of H . Thus cl(θ(G)) = X , as required. 
Proposition 2.4. ([1, Proposition 3.2]) Let X and G be a completely regular topological space and an arcwise connected topological
group, respectively, and let θ : G → X be a continuous map such that θ−1θ(0) = {0}. Then the following are equivalent:
(a) cl(θ(G)) = X.
(b) N0(G, X, θ) is 3-prime.
(c) N0(G, X, θ) is 3-semiprime.
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conditions of both Proposition 2.4 and Proposition 2.3(a), and hence is both 2-primitive and 3-prime. However, N0(G, X, θ)
is not equiprime (and hence not 3-primitive either). For let a(x) = x and b(x) = −x for all x ∈ X . Then θa(x) = θb(x) = x2
for all x ∈ X . Let c be an arbitrary nonzero element of N0(G, X, θ). Then cθnθa(x) = cθnθb(x) for all n ∈ N0(G, X, θ), x ∈ X .
Hence c · n · a = c · n · b for all n ∈ N0(G, X, θ), but a = b. Hence N0(G, X, θ) is not equiprime.
Proposition 2.6. Let N0(G, X, θ) be a sandwich near-ring, where X is 0-dimensional, and θ−1θ(0) = {0}. Then N0(G, X, θ) is
2-primitive if and only if cl(θ(G)) = X.
Proof. Suppose that cl(θ(G)) = X . Then G is a faithful N0(G, X, θ)-group by Lemma 2.2. Let 0 = g ∈ G , and let h be an
arbitrary element of G . Let x1 = θ(g). Since θ−1θ(0) = {0}, x1 = x0. Since X is Hausdorff and 0-dimensional, there exists a
clopen subset F of X such that x0 ∈ F and x1 /∈ F . Deﬁne n : X → G by
n(x) :=
{
0 if x ∈ F ,
h if x ∈ X\F .
Since both F and its complement are clopen, n is continuous on X . It is easily veriﬁed that n ∈ N0(G, X, θ). Moreover,
n · g = nθ(g) = n(x1) = h, so N0(G, X, θ) · g = G for all 0 = g ∈ G in this case. Hence G is a faithful N0(G, X, θ)-group of
type 2, and so N0(G, X, θ) is 2-primitive.
Conversely, suppose that cl(θ(G)) = X . Let x1 ∈ X\ cl(θ(G)). Since X is 0-dimensional, there exists a clopen subset F of X
such that x1 ∈ F and F ∩ cl(θ(G)) = ∅. Let 0 = g ∈ G . Deﬁne a : X → G by
a(x) :=
{
0 if x ∈ X\F ,
g if x ∈ F .
Since F is clopen, a is continuous on X . It is easily seen that a ∈ N0(G, X, θ) and a = 0. Moreover, a(θ(G)) = 0, whence
aθn = 0 for all n ∈ N0(G, X, θ). Now suppose that H is an N0(G, X, θ)-group of type 2. Then there exists h ∈ H such that
H = N0(G, X, θ) · h. Then, if n ∈ N0(G, X, θ), a · (n · h) = (a · n) · h = 0 · h = 0. It follows that a ∈ (0 : H), and so H cannot be a
faithful N0(G, X, θ)-group. Hence N0(G, X, θ) is not 2-primitive. 
Proposition 2.7. ([1, Proposition 3.4]) Let N0(G, X, θ) be a sandwich near-ring, where X is a T0 , 0-dimensional topological space.
Then the following are equivalent:
(a) cl(θ(G)) = X.
(b) N0(G, X, θ) is equiprime.
(c) N0(G, X, θ) is 3-semiprime.
We combine Propositions 2.3, 2.4, 2.6 and 2.7 as follows.
Theorem 2.8. Let N0(G, X, θ) be a sandwich near-ring such that θ−1θ(0) = {0} and either (1) X is a T0 , 0-dimensional topological
space or (2) X is completely regular and G is arcwise connected. Then the following are equivalent:
(a) cl(θ(G)) = X.
(b) N0(G, X, θ) is 3-prime.
(c) N0(G, X, θ) is 3-semiprime.
(d) N0(G, X, θ) is 2-primitive (and is 2-primitive on G in this case).
We will now establish some suﬃcient conditions for N0(G, X, θ) to be 3-primitive. We sharpen Proposition 2.4 as follows.
Theorem 2.9. Let X and G be a completely regular topological space and an arcwise connected topological group, respectively, and let
θ : G → X be a continuous, injective map. Then the following are equivalent:
(a) cl(θ(G)) = X.
(b) N0(G, X, θ) is 3-primitive.
(c) N0(G, X, θ) is equiprime.
(d) N0(G, X, θ) is 3-semiprime.
Proof. (a) ⇒ (b): Since θ is injective, θ−1θ(0) = {0}. It follows from Theorem 2.8 that G is a faithful N0(G, X, θ)-group of
type 2. Let g1, g2 ∈ G , where g1 = g2. Since θ is injective, θ(g1) = θ(g2). Let x1 = θ(g1) and x2 = θ(g2). Then either x1 = 0 or
x2 = 0. Assume the latter, renumbering if necessary. Then there exists an open subset U of X such that x2 ∈ U and x0, x1 /∈ U .
Since X is completely regular, there exists a continuous mapping β : X → [0,1] such that β(X\U ) = 0 and β(x2) = 1. Let
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Let n := αβ . Then n · g1 = nθ(g1) = αβθ(g1) = αβ(x1) = α(0) = 0 and n · g2 = nθ(g2) = αβθ(g2) = αβ(x2) = α(1) = g .
Hence n · g1 = n · g2 and so G is a faithful N0(G, X, θ)-group of type 3. Thus N0(G, X, θ) is 3-primitive.
(b) ⇒ (c) is obvious. (c) ⇒ (d) and (d) ⇒ (a) follow from Proposition 2.4. 
Proposition 2.7 may be improved as follows.
Theorem 2.10. Let N0(G, X, θ) be a sandwich near-ring where X is a T0 , 0-dimensional topological space and θ is injective. Then the
following are equivalent:
(a) cl(θ(G)) = X.
(b) N0(G, X, θ) is 3-primitive.
(c) N0(G, X, θ) is equiprime.
(d) N0(G, X, θ) is 3-semiprime.
Proof. (a) ⇒ (b): Since θ is injective, θ−1θ(0) = {0}. It follows from Theorem 2.8 that G is a faithful N0(G, X, θ)-group of
type 2. Let g1, g2 ∈ G , where g1 = g2. Since θ is injective, θ(g1) = θ(g2). Let x1 = θ(g1) and x2 = θ(g2). Then either x1 = 0
or x2 = 0. Assume the latter, renumbering if necessary. Since X is 0-dimensional and T0 (and hence Hausdorff) there exists
a clopen subset F of X such that x2 ∈ F and x0, x1 /∈ F . Let 0 = g ∈ G . Deﬁne n : X → G by
n(x) =
{
g if x ∈ F ,
0 if x ∈ X\F .
Since F is clopen, n is continuous on X and n(x0) = 0. Hence n ∈ N0(G, X, θ). Now n · g1 = nθ(g1) = n(x1) = 0 and n · g2 =
nθ(g2) = n(x2) = g = 0. Thus n · g1 = n · g2, and so G is an N0(G, X, θ)-group of type 3. Hence N0(G, X, θ) is 3-primitive
on G .
(b) ⇒ (c) is obvious. (c) ⇒ (d) and (d) ⇒ (a) follow from Proposition 2.7. 
Corollary 2.11. Let X and G be a set and an additive group, respectively, and let θ : G → X be an injective mapping. Then the following
are equivalent:
(a) θ is a bijection (in which case M0(G, X, θ) ∼= M0(G)).
(b) M0(G, X, θ) is 3-primitive.
(c) M0(G, X, θ) is equiprime.
(d) M0(G, X, θ) is 3-semiprime.
(e) M0(G, X, θ) is simple.
Proof. The equivalence of (a)–(d) follows immediately from Theorem 2.10 when we note that all discrete topologies are
0-dimensional and that cl(θ(G)) = θ(G) in this case. (a) ⇒ (e) is a consequence of the well-known simplicity of M0(G).
(e) ⇒ (a) follows from [9, Lemma 2.1]. 
3. Radicals
Recall that the Jacobson-type radicals J2(N) and J3(N) of a near-ring N are deﬁned by Jυ(N) :=⋂{I  N: N/I is a
υ-primitive near-ring}, υ ∈ {2,3}. The Brown–McCoy radical of N is B(N) :=⋂{I  N: N/I is a simple near-ring with unity}.
Theorem 3.1. Let G be a disconnected topological group, with open components which are arcwise connected and which contain more
than one element. Let H be the component of G which contains 0, I := {a ∈ N0(G) | a(G) ⊆ H} and J := {a ∈ N0(G) | a(H) = 0}. Then
P(N0(G)) = J3(N0(G)) = I ∩ J .
Proof. In [1, Proposition 2.2] it was shown that under the hypothesis of the theorem, P(N0(G)) = Pe(N0(G)) = I ∩ J . Hence
I ∩ J ⊆ J3(N0(G)). Furthermore, in the proof of that proposition, it was shown that N0(G)/I ∼= N0(G/H) (where G/H has
the quotient topology with respect to the topology on G) and N0(G)/ J ∼= N0(H). Moreover, the quotient topology on G/H is
discrete, and so N0(G)/I ∼= M0(G/H). It follows from Theorem 2.1 and the fact that every discrete topology is 0-dimensional
that M0(G/H) is 3-primitive. Hence N0(G)/I is 3-primitive and so J3(N0(G)) ⊆ I . Since H is arcwise connected, it follows
from Theorem 2.1 that N0(H) is 3-primitive and so J3(N0(G)) ⊆ J . Hence J3(N0(G)) ⊆ I ∩ J , and the result follows. 
Theorem 3.2. Let N0(G, X, θ) be a sandwich near-ring, where θ−1θ(0) = {0} and either (1) X is T0 and 0-dimensional or (2) X is
completely regular and G is arcwise connected. Then P(N0(G, X, θ)) = J2(N0(G, X, θ)) = (0 : G) = {a ∈ N0(G, X, θ): aθ = 0}.
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(0 : G) = {a ∈ N0(G, X, θ): a · g = 0 for all g ∈ G} = {a ∈ N0(G, X, θ): aθ g = 0 for all g ∈ G} = {a ∈ N0(G, X, θ): aθ = 0}.
Using a well-known result, the factor near-ring N0(G, X, θ)/(0 : G) is 2-primitive. Hence J2(N0(G, X, θ)) ⊆ (0 : G). But
(0 : G)2 = {0}, whence (0 : G) ⊆ P(N0(G, X, θ)), so (0 : G) ⊆ P(N0(G, X, θ)) ⊆ J2(N0(G, X, θ)) ⊆ (0 : G), and the result
follows. 
In a like manner, we may prove:
Theorem 3.3. Let N0(G, X, θ) be a sandwich near-ring, where θ is injective and either (1) X is T0 and 0-dimensional or (2) X is
completely regular and G is arcwise connected. Then P(N0(G, X, θ)) = J3(N0(G, X, θ)) = (0 : G) = {a ∈ N0(G, X, θ): aθ = 0}.
Remark 3.4. If N0(G, X, θ) satisﬁes the conditions of Theorem 3.3, then the 3-prime, equiprime and J2 radicals of
N0(G, X, θ) also coincide with (0 : G), due to the well-known inclusion relations between these radicals.
Lemma 3.5. Suppose that X is a ﬁnite set, G is an additive group and θ : G → X is a mapping such that θ−1θ(0) = {0}. Then
(0 : G) = {a ∈ M0(G, X, θ): aθ = 0} is the unique maximal ideal of M0(G, X, θ).
Proof. Let a ∈ M0(G, X, θ)\(0 : G). Then aθ = 0, so there exists g ∈ G such that aθ(g) = h = 0. Since θ−1θ(0), θ(h) = x0.
Let θ(h) = z. Let I be the ideal of M0(G, X, θ) generated by a. We show that I = M0(G, X, θ). For let b ∈ M0(G, X, θ).
Let Y := {y ∈ X: a(y) = 0}. Since X is ﬁnite, Y = {y1, . . . , yn} for some n ∈ N. Let b(yi) = gi for 1  i  n and deﬁne
ci,di : X → G by
ci(x) :=
{
gi if x = z,
0 if x = z and di(x) :=
{
g if x = yi,
0 if x = yi .
Then ci,di ∈ M0(G, X, θ) and
ciθaθdi(x) =
{
gi if x = yi,
0 if x = yi .
Clearly b =∑ni=1 ciθaθdi =∑ni=1 ci · a · di and so b ∈ I . Hence I = M0(G, X, θ). Now if J is an ideal of M0(G, X, θ) which
properly contains (0 : G), let a ∈ M0(G, X, θ)\(0 : G). Then if I is the generated by a, I = M0(G, X, θ), and I ⊆ J . Hence
J = M0(G, X, θ), and so (0 : G) is a maximal ideal of M0(G, X, θ).
Now let M be any maximal ideal of M0(G, X, θ). Suppose that M  (0 : G) and let a ∈ M\(0 : G). By the foregoing,
the ideal I generated by a coincides with M0(G, X, θ), and I ⊆ M . Hence M = M0(G, X, θ), which is impossible. Thus
M ⊆ (0 : G), whence M = (0 : G) by the maximality of M , and the proof is complete. 
Theorem 3.6. Suppose that X is a ﬁnite set, G is an additive group and θ : G → X is a mapping such that θ−1θ(0) = {0}. Then:
(a) If θ is injective, B(M0(G, X, θ)) = (0 : G).
(b) If θ is not injective, B(M0(G, X, θ)) = M0(G, X, θ).
Proof. (a) Since θ is injective, it is left invertible, i.e., there exists e : X → G such that eθ(g) = g for all g ∈ G . Clearly,
e(x0) = 0, so e ∈ M0(G, X, θ). Then eθa = a, so eθa − a = 0 ∈ (0 : G) for all a ∈ M0(G, X, θ). Moreover, if g ∈ G , then
(aθe − a)θ(g) = aθeθ(g) − aθ(g) = aθ(g) − aθ(g) = 0. Hence (aθe − a)θ = 0, so aθe − a ∈ (0 : G) for all a ∈ M0(G, X, θ).
It follows that e+ (0 : G) is the unity of M0(G, X, θ)/(0 : G). By Lemma 3.5, (0 : G) is the only ideal of I of M0(G, X, θ) such
that M0(G, X, θ)/I is a simple near-ring with unity. Hence B(M0(G, X, θ)) = (0 : G) in this case.
(b) Suppose that θ is not injective and that M0(G, X, θ)/(0 : G) has a unity, e + (0 : G), say. Then eθa − a ∈ (0 : G) for
all a ∈ M0(G, X, θ). Hence (eθa − a)θ = 0, i.e., eθaθ − aθ = 0 for all a ∈ M0(G, X, θ). Let g ∈ G , and let y := θ(g). Deﬁne
a : X → G by
a(x) :=
{
g if x = y,
0 if x = y.
Then a ∈ M0(G, X, θ) and so eθaθ = aθ . Hence eθaθ(g) = aθ(g), i.e., eθa(y) = a(y), so eθ(g) = g . Hence e is a left inverse
of θ , which is impossible, since θ is not injective. Thus M0(G, X, θ)/(0 : G) does not have a unity. It follows from Lemma 3.5
that M0(G, X, θ) contains no proper ideals I such that (G, X, θ)/I is a simple near-ring with unity. Hence B(M0(G, X, θ)) =
M0(G, X, θ). 
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